Remarkable improvements in the stability properties of discrete system zeros may be achieved by using a new design of the fractional-order hold (FROH) circuit. This paper first analyzes asymptotic behaviors of the limiting zeros, as the sampling period T tends to zero, of the sampled-data models on the basis of the normal form representation for continuous-time systems with a new hold proposed. Further, we also give the approximate expression of limiting zeros of the resulting sampled-data system as power series with respect to a sampling period up to the third order term when the relative degree of the continuous-time system is equal to three, and the corresponding stability of the discretization zeros is discussed for fast sampling rates. Of particular interest are the stability conditions of sampling zeros in the case of a new FROH even though the relative degree of a continuous-time system is greater than two, whereas the conventional FROH fails to do so. An insightful interpretation of the obtained sampled-data model can be made in terms of minimal intersample ripple by design, where multirate sampled systems have a poor intersample behavior. Our results provide a more accurate approximation for asymptotic zeros, and certain known results on asymptotic behavior of limiting zeros are shown to be particular cases of the ideas presented here.
Introduction
Zeros, along with poles, are fundamental characteristics of linear time-invariant systems, and stability of zeros is one of the most important issues in model matching and adaptive control problems. When a continuous-time system is discretized by the use of a sampler and a hold, the mapping between the discrete-time poles and their continuous-time counterparts is very simple, namely, the stability of poles is reserved. There is unfortunately no simple transformation between the discrete-time zeros and their continuous-time counterparts because the zeros of discrete-time systems depend on the sampling period T (Åström et al., 1984; Zeng et al., 2013) . Thus, it is generally impossible for a continuous-time system with zeros in the left-half plane to be able to be transformed to a discrete-time system with zeros inside the unit circle. In other words, the stability of zeros is not necessarily preserved except in special cases. Therefore, the limiting case when the sampling period T tends to zero has attracted considerable attention (Åström et al., 1984; Hagiwara et al., 1993; Ishitobi, 1996b; Liang and Ishitobi, 746 C. Zeng et al. 2004a; Kaczorek, 1987; 2013; Tokarzewski, 2009; Ugalde et al., 2012; Ostalczyk, 2012) .
Perhaps the first attempt to study the zeros was given byÅström et al. (1984) , who described the asymptotic behavior of the discrete-time zeros for a fast sampling rate when the original continuous-time plant is discretized with a zero-order hold (ZOH), and further the zeros in this case are called limiting zeros, which are composed of the intrinsic zeros and the sampling zeros (Hagiwara et al., 1992) . The former have a counterpart in the underlying continuous-time system, and go to unity (Hagiwara, 1996) , while the latter which have no continuous-time counterparts and are generated in the sampling process, go toward roots of a certain polynomial (Hagiwara et al., 1993; Weller et al., 2001) determined by the relative degree of the continuous-time system.
In many discussions about the properties of discrete-time zeros, the ZOH has been mainly employed as a hold circuit since it is used most commonly in practice (Åström et al., 1984; Hagiwara, 1996; Błachuta, 1999; Hayakawa et al., 1983; Weller, 1999; Ishitobi, 2000; Liang et al., 2007; Ruzbehani, 2010; Karampetakis and Karamichalis, 2014) . Taking into account the fact that the type of hold circuit used critically influences the position of zeros, it is an interesting problem to investigate the zeros in the case of various holds. Hagiwara et al. (1993) carried out a comparative study and demonstrated that the first-order hold (FOH) provides no advantage over the ZOH as far as the stability of zeros of the resulting discrete-time systems is concerned. Further results on the behavior of the FOH have been reported (Błachuta, 1998; Zhang et al., 2011) . Passino and Antsaklis (1988) considered the fractional-order hold (FROH) as an alternative to the ZOH and showed that it can locate the zeros of a discrete-time system inside the unit circle by some examples while the ZOH fails to do so.
In a very motivating work by Ishiboti (1996) , the asymptotic properties of limiting zeros with a FROH have been analyzed, and corresponding stability conditions have been also derived when the continuous-time systems have a relative degree up to five for sufficiently small sampling periods. Further, Bàrcena et al. (2000; 2001) , Liang et al. (2003) as well as Liang and Ishitobi (2004b) respectively extended Ishitobi's results (Ishitobi, 1996) from different angles and with methods by investigating the limiting zeros in the case of a FROH.
In addition, the results of limiting FROH zeros (Ishitobi, 1996) were also extended by Błachuta (2001) , who described the accuracy of the asymptotic results for both the intrinsic and the sampling zeros in terms of Bernoulli numbers and parameters of the continuous-time transfer function for sufficiently small sampling periods. However, the FROH does yield better discretization zeros, but only within a limited margin, mainly because it has just one tuning parameter, which does not allow to place the limiting zeros as one wishes. In particular, it can be seen that the sampling zeros with a ZOH or a FROH always lie strictly outside the unit circle when the relative degree of a continuous-time system is greater than or equal to three (Åström et al., 1984; Ishitobi, 1996; 2000; Liang et al., 2003) . In many engineering applications, fast sampling rates and the continuous-time relative degree more than two commonly occur.
These facts sparked interest in other holds such as multirate sampling control and digital control with the generalized sampled-data hold function (GSHF) (Kabamba, 1987; Chan, 1998; Liang and Ishitobi, 2004a; Yuz et al., 2004; Liang et al., 2010; Ugalde et al., 2012) . Though some deficiencies such as poor intersample behavior in the case of a GSHF cannot be avoided, the GSHF can be used to solve many more ambitious control problems for linear systems as long as it is formulated exclusively in intersample terms. Moreover, it is well known that the GSHF can be also used to shift the zeros of sampled-data models for linear continuous-time systems because intersample ripples can be suppressed by using a linear-quadratic optimization (Chan, 1998) or can be alleviated efficiently by minimizing the variation the control input (Liang and Ishitobi, 2004a) .
However, in contrast with a ZOH or a FROH, rather poor intersample behavior is often unavoidable. Although this can be alleviated as mentioned above, the fact is that for a sampled-data model with a discrete integrator to be able to reject step disturbances in continuous interval, and the impulse response of the hold in question it must have continuous-time zeros where a ZOH and a FROH have theirs, while a GSHF does not (Feuer and Goodwin, 1996; Middleton and Freudenberg, 1995) . Hence, we present a new design of the FROH which is composed of the polynomic function instead of simple design parametrization. Our new hold characterization merges two interesting features: conventional FROH behavior under constant input together with as many tuning parameters as desired. On the one hand, the former provides a very simple way to minimize the intersample issue; on the other, the latter allows the discretization zeros to be placed wherever desired.
The aim of this paper is first to analyze the asymptotic behaviors of the limiting zeros of discrete-time models on the basis of the normal form representation of continuous-time systems, and also derive their approximate expression in the case of a new FROH as power series with respect to a sampling period up to the third order term when the relative degree of the continuous-time system is equal to three. Besides the obvious differences in terms of the technique in researching our FROH and other hold circuits, we can deeply feel that this study is important owing to the complexity and importance of discretization zeros, especially for the sampled-data model and stability of 747 sampling zeros.
More importantly, we also show how our new hold, irrespectively of whether the continuous-time relative degree is greater than two or not, can be designed to remove only the effects of the sampling process by placing the sampling zeros of the discrete-time system asymptotically to the stable regions at will. One of the principal contributions in this paper, in particular, would consequently propose an analytical method to obtain the limiting zeros as stable as possible for a wider class of continuous-time plants. Moreover, an insightful interpretation of the resulting sampled-data model can be made in terms of minimal intersample ripple by design, where the multirate sampled systems have usually a poor intersample behavior. Finally, we further obtain the stability condition of the sampling zeros for sufficiently small sampling periods.
Sampled-data model with a new FROH
Consider an n-th order continuous-time system with relative degree r = n − m described by the transfer function
where
The normal form of (1) with the relative degree r = n − m is represented with an input u and an output y (Isidori, 1995; Khalil, 2002) as
We are interested in the sampled-data model for the linear system (4) when the input is a piecewise continuous signal generated by a new FROH reconstruction, i.e.,
where β is a real coefficient and T is a sampling period. In particular, our new hold (8) with a polynomial can be regarded as a generalization of the conventional FROH. In contrast to a simple linear pattern, the polynomial approach not only turns out to provide minimal intersample ripple issues, but also places limiting zeros of the discretized model at will with as many tuning parameters as desired.
Given the complexity of calculation, we assume the condition N = 2 while guaranteeing the desired control performance for our new hold (8). Moreover, a new FROH is used and the relationṡ
are noticed. Furthermore, the normal form (4) leads to the
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derivatives of the output
Further, the derivatives of η are also represented aṡ
. . .
Hence, substituting (10)-(19) into the right-hand side of
and defining the state variables
the discrete-time state equations in the case of a new FROH are definitely obtained. Now, the zeros of the discrete-time system (20)- (23) are analyzed using the explicit expressions of
as follows:
Improving the stability of discretization zeros with the Taylor method . . .
Similarly, the reason why the explicit expressions of
are used is to obtain the approximate expansion of the limiting zeros of the discrete-time system with the order T 3 when the relative degree of continuous-time systems is r = n − m.
Main results
In the following, a more accurate approximate model of the sampled-data system is considered by neglecting the higher order terms, and the approximate expression of the limiting zeros is further calculated in this section. When a continuous-time system is discretized, unstable zeros may appear in the discrete-time model due to the existence of unstable sampling zeros even though the continuous-time system is of minimum phase (Åström et al., 1984; Ishitobi et al., 2013) .
For example, it is noticed that unstable discretization zeros may be generated by a ZOH or a FROH when we sample continuous-time systems having relative degree greater than or equal to three (Åström et al., 1984; Hayakawa et al., 1983; Ishitobi, 1996; Liang et al., 2003) . In this work we propose to use a new kind of FROH to place sampling zeros at will. To avoid the complexity of its calculation, we mainly consider the case when the relative degree of a continuous-time system is three without loss of generality.
When a continuous-time system with relative degree three is sampled at a fast rate, the corresponding discrete-time model arising from a ZOH or a FROH may have unstable zeros. On the other hand, though such multirate sampling control and digital control schemes have the clear advantages over the conventional control systems, several authors have pointed out that the unexpected drawbacks occur, such as intersample ripples. In particular, our new hold can alleviate intersample issues, and well exhibit minimal intersample ripple by design. An approximate expression of limiting zeros of a discrete-time model for a continuous-time system with relative degree three is derived from (25) 
Proof.
The limiting zeros of a discrete-time system (20)-(23) are equivalent to zeros in (25)-(28), which are given by substituting y k = y k+1 = 0 into (25)- (28) as follows:
where 
Improving the stability of discretization zeros with the Taylor method . . . 
Thus, the zeros are derived from
The matrix (31) is divided into several submatrices by using the partitioning technique as described below: 
Simple calculation yields
and
Note here that the order of each block matrix of the first three lines in M 11 is lower than that in
the case of a new FROH for small sampling periods T , and vice versa. There exists a set of solutions β 1 = 1.2938035 and β 2 = −1.6041123 such that the discretization zeros of our new FROH at the stable region. 
Conclusions
This paper analyzes the asymptotic behavior of limiting zeros of a discrete-time system when, on the basis of the normal form representation of the continuous-time system with relative degree three, it is discretized using our new FROH circuit hold. It also proposes an approximate asymptotic expression of limiting zeros as power series expansions with respect to the sampling periods up to the third-order term. Moreover, an insightful interpretation is given in terms of an explicit characterization of the linear sampling zeros for the obtained model. Further, the stability of the sampling zeros is discussed when the sampling periods tend to zero, while giving a constructive solution to the intersample issue. As a result of this work, it has been shown that a new FROH offers an advantage over a ZOH or a conventional FROH with stability of the limiting zeros of sampled-data systems. For a future study, an extension of the approach to multivariable systems is planned. 
